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1. Introduction

Consider probability forecasts of the four temperature
classes: T<OF, OF < T< 20F, 20F < T'<40F, T>40F. If
two forecasts were (0.1,0.3,0.5,0.1) and (0.5,0.3,0.1,0.1)
and the last category, 7> 40F, were observed, all proper
scoring systems now in use would assign the same score
to both forecasts. Most would agree, though, that the
former was a somewhat better forecast. This conclusion
is based on the notion that categories 3 and 4 are
“closer” to one another than categories 1 and 4. The
concept of “distance” in this sense does not exist in any
of the proper scoring systems previously proposed. For
example, in the geometrical framework which is so
natural for representing the “probability score” (Ep-
stein and Murphy, 1965), the vertices representing the
various weather states are always equidistant from all
other vertices.

In this note a new scoring rule is presented in which
the ranking of the several alternative weather states is
implicit. This rule is derived as an extension of methods
first presented by Murphy (1966). One of the particular
advantages of this method is that one is assured that the
resulting scoring rule is proper® (Murphy and Epstein,
1967).

It should be mentioned, as a note of caution, that
although the derivation given below is based on the
concepts of decision theory and utility, the $pecific
assumptions are too artificial to permit identifying the
resulting score with the value of the forecast. Values of
forecasts can only be assessed for specific users and their

! Contribution No. 162 from the Department of Meteorology
& Oceanography, The University of Michigan.

? The research reported here was carried out while the author
was a visiting scientist at the Institute of Meteorology, University
of Stockholm, Sweden.

3 Although there exist heuristic arguments requiring this state-
ment to be true, no general proof is known to the author.
Murphy (1969b) has shown it to be valid for the 2X2 cost-loss
decision situation, and his proof may be extended to cover the
decision situation discussed here.

specific utility matrices. While the scoring rule given
below may be a measure of value under sufficiently un-
usual circumstances, it is best to think of it only as a
useful proper scoring rule for ranked categories that can
serve as a convenient standard.

2. Derivation

Consider a decision situation in which there are K
possible weather states and K possible actions. The
possible actions 4;, i=1, ..., K, are to take suc-
cessively less complete protective measures. The costs
of these different degrees of protegtion are C(K—1)/
(K —1) where C is the cost of complete protection. The
possible weather states, W;, j=1, . . ., K, range from
that requiring no protection (j=K) to that for which
full protection is required (j=1). If 21, the protection
is adequate and no further costs are incurred. If, how-
ever, j<1, the weather creates additional losses in the
amounts Lz~ 7)/(K—1), L being the loss which occurs
when no protective action is taken and the most severe
possible weather occurs. The total “cost” of taking ac-
tion A; when weather W; subsequently occurs is then

CK—1)/(K-1), 1<j
Cij =
[CK-D+LE—NY/(K-1), i>j

This is a natural extension to K categories of the usual
2X2 cost-loss matrix.

It is convenient to express the decision matrix in a
standardized form such that the most preferred outcome
has a “value” of +1, while the least desired result has
the “value” 0. For this purpose, then, we define u,;=1
—¢4;/L. The u;;, are now treated as though they were the
elements of a utility matrix.

The decision rule corresponding to this matrix
depends only on the ratio C/L and the forecast
(1, . - .,p%), which we assume are the decision-maker’s
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Fic. 1. Bounds on the expected kernal utility
of a prediction.

probabilities as well as the forecaster’s. Specifically, to
maximize expected utility, the decision maker would
take action & whenever

-1 3
2 pi<C/LLX p;.

=1 =1

The utility the decision maker actually achieves [the
“kernal utility of a prediction,” in the terminology of
Murphy (1966)] depends on which weather state ac-
tually occurs. If this happens to be W;, then this may be
written as

K
Uj=2 uiidi(p,C/ L),
1=1
where

—1 £
di(p,C/L)= = =

0, otherwise
Treating C/L as a random variable, with a density
f(C/L) allows us to define an average, or expected ker-
nal utility of a prediction, as

1 kg

> uy,di(p,X) f(X)dX.

o =1
Making the appropriate substitution for #;; this

Sj
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Fi6. 2. Bounds on S;, the “ranked probability score,”
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becomes
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K
s []'—i—i-K——l—X(K—i)]di(p,X)}f(X)dX,

i=j+1
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+ Z (j—1)d: (p,X)f(X)dX]
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where l;= 3~ p. are the limits of integration imposed
n=1

by the step function 4;(p,X).

The density f(X) is now, arbitrarily, taken to be the
uniform distribution, f(X)=1, 0< X< 1. This gives a
particularly simple result, and is the same assumption
used by Murphy (1966). Murphy (1969a) has shown
how appropriate choices for f(X) can lead to a family
of scoring rules in the unranked situation. By the same
token the introduction here of a family of densities for
J(X) would lead to a family of scoring rules for ranked
categories. For the present there seems to be no signifi-
cant benefit from such an exercise. The uniform distri-
bution gives

1
Uj=1— Z (K —1)[( Z pn)’—( Z pa)?]

Q(K—- ) i=1
1 K
—1 =1
1 —1
=1- Z ( Z pa)t— Z (i~ 7)ps.
Z(K 1) i=1 a=l — 1 =1

The expected kernal utility has a maximum value of
3(K4+7—2)/(K—1); better results are possible when
“better” weather occurs. The minimum value is % for
72 (E+1)/2 and is (j—1)/(K—1) for j<(K+1)/2.
These facets of the result are illustrated in Fig. 1. Which
score, within the indicated range, is achieved, depends of
course on how “good” the forecast is.

In order to produce a scoring scheme which is less
dependent for the absolute value of the score on what
weather subsequently occurs, and more dependent on
the “goodness” of the forecast, we have modified U; by
adding a similar score calculated as though the category
j=K were the most severe, and then subtracting 3 from
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the result. This gives our recommended scoring rule

3 1
Sj_'—"' 2 n‘Z
T = z [(E”H,ﬁ £

Jlps
]\— =1

The range of possible values of S, is shown, as a function
of 7, in Fig. 2.

3. Discussion

A perfect forecast (p;=1 and W; occurs) always re-
sults in a score of 1. The worst possible forecast (p1=1
and Wk occurs, or vice versa) receives a score of 0. If the
weather that occurs is in the middle of the range of
possible values, no forecast can be as bad as that and
the minimum scores are therefore larger.

If the scoring rule S; is applied to the two forecasts
mentioned in Section 1, one obtains the scores shown in
Table 1. If the fourth category occurs, the first forecast
receives a substantially better score.

It may also be noted, in Table 1, that given the fore-
cast (0.5,0.3,0.1,0.1) one obtains the same value for .S;
whether category 1 or 2 is observed. This is an example
of the characteristic of this scoring rule to “consider”
both the categories to which the bulk of the probability
is assigned, and also the “expected” category implied
by the distribution of probabilities. This is further illus-
trated in Table 2. A forecast of ¥ for both p; and px
always results in a score of 0.75, whatever the total num-
ber of categories and whichever event occurs. The more
central the category that occurs, the “further’” one is
from the categories to which probabilities are assigned,
but the “closer” one is to the “expected” category.

The case where the forecast is 1/K for each category
may be of special interest and can be treated algebrai-
cally. The ranked probability score for this case re-
duces to
2 1 (K

J

36K

—=(G-1)
K(K—1)

Si=

If one of the extreme events (j=1 or j=K) occurs,
this score will take on a low value of (4K+1)/6K. The

TaBLE 1. Ranked probability scores for two
illustrative forecasts.

Observed Forecast
category (0.1,0.3,0.5,0.1) (0.5,0.3,0.1,0.1) -
1 0.61 0.90
2 0.87 0.90
3 0.94 0.70
4 0.67 0.43
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TABLE 2. Ranked probability scores for some
“standard” forecasts (K=06).
Observed weather category
IForecast 1 2 3 4 5 6

(1,0,0,0,0,0) 1.00 080 060 040 020 0.00
(0,1,0,0,0,0) 080 100 080 060 040 0.20
(0 0,1,0,0 0) 0.60 080 1.00 080 060 040
R AR RN 069 083 089 08 083 069
(3,0,0,0,0,3) 075 075 075 075 075 0.75
(%,%,0,0,0,0) 095 095 075 055 035 015
0,0,3,4,0,0) 055 075 095 095 0.75 0355
©,3,1,1,1,0) 0.61 081 092 092 081 0.61
$,3,4,0,0,0) 089 096 08 069 049 029

highest possible score given this special forecast is
(11K—1)/12K, corresponding to j=%(K+1), K odd.
If K is even the maximum score is 11/12— (K+2)/
(12K (K—1)7. Thus, 2<S;*<11/12 for all K.

Let us consider, in particular, the situation where the
categories have been chosen such that their climatologi-
cal relative frequencies are all equal. Then the forecast
of 1/K as the probability of each cateogry is a clima-
tological forecast, and the long term average score for

such a forecast is Z S;*/K. This quantity has the value

(SK—1)/6K Wthh may, under appropriate conditions,
serve as a base to determine a crude index of the in-
cremental value, over climatology, of a set of forecasts.

The scoring rule S; is a proper scoring system. This is
assured by the manner of its derivation as an expecta-
tion of utility. The proof that S; is proper, by the meth-
ods described by Murphy and Epstein (1967), is not
difficult and is omitted here (Murphy, 1969c¢).

As a final comment, for the case K =2, .5, reduces to
the familiar probability score. This of course it must,
since in that case the derivation followed here becomes
identical with that used by Murphy (1966) to derive
the probability score from the elementary cost-loss
matrix. The resemblence of the derivations justifies, I
believe, the use of the term “ranked probability score”
to refer to S;.
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